The non-zero Dirac phases δq and δ l in the CKM and PMNS mixing matrices signify CP violation. In general they are independent. Experimental data show, however, that in the original KM parameterization for the mixing matrix, the sum δq + δ l is close to zero with δq to be approximately π/2. The KM parameterization may have provided some hints that these phases are actually related and CP is maximally violated. We show that this sum rule can be accommodated in models with spontaneous CP violation where both phases originate from a non-trivial common spontaneous CP violating maximized phase in the Higgs potential. We find some interesting phenomenological consequences for flavor changing neutral current and CP violation for such a model. In particular, data from Bs −Bs mixing provide very strong constraints on the mass scale for the new neutral scalars in the model, yet the model still allows the electric dipole moments of electron and neutron to reach to their current upper bounds. The model can be tested by near future experiments. *
Introduction
There are mixings for quarks and leptons. These mixings are described by the Cabbibo-Kobayashi-Maskawa (CKM) matrix V CKM [1, 2] and Pontecorvo-Maki-Nakagawa-Sakata (PMNS) matrix V PMNS [3] [4] [5] in the following interaction
For three generations, V CKM and V PMNS are 3 × 3 unitary matrices and each can be parameterized by 3 rotation angles, θ 12 , θ 23 and θ 13 in the convention used by the Particle Data Group [6, 7] , and a CP violating phase δ, referred to as a Dirac phase. We will use a superscript q and l to indicate the angles and phases for quark and lepton mixings.
If neutrinos are Dirac particles, V PMNS matrix is similar to V CKM in form. If neutrinos are Majorana particles, V PMNS is, in general, modified by multiplying a diagonal matrix P = diag(1, e iα1/2 , e iα2/2 ) with two additional CP Majorana phases α 1,2 from right to the pure Dirac neutrino case. The values of rotation angles and the phases in the quark and lepton sectors are parametrization convention dependent. The mixings in the quark and lepton sectors may or may not be related. In the literature, some attempts have been made to link them together such as complementarity of the mixing angles studied in [8] . Here we would like to suggest that the CP violating phases of these two sectors are related and the CP violating Dirac phases reach their maximal up to a sign, that is δ q,l = ±π/2.
There are a lot of information about quark and lepton mixing parameters. The values for the rotation angles and phases are usually given in the Particle Data Group (PDG) parameterization, for example quark and lepton mixing from the recent UTfit and Nufit Collaborations [9-11], respectively. Concerning CP violating phases δ q PDG and δ l PDG , the best (3σ ranges) are given by δ q PDG /π = 0.3717 (0.3606 ∼ 0.3828) for quark mixing, and δ PDG /π = −0.772 (−1.200 ∼ −0.017) for lepton mixing with normal hierarchy (NH) ( and δ PDG /π = −0.433 (−0.861 ∼ −0.067) for inverted hierarchy (IH)). The CP violating phase in the quark sector is away from π/2. In the lepton sector, the terization and different in sign and δ q KM is very close to π/2, particularly for IH case. As mentioned before that the current data allow the intriguing possibility that, in the neutrino mixing, θ l 23 and δ l PDG to be π/4 and −π/2 (or 3π/2). This has generated extensive efforts to realize such special scenarios which give some guidance to model buildings [12] .
It has been pointed out that, in fact parameterization with a rotation angle to be π/4 and the CP violating phase to be −π/2 is not unique to PDG parameterization. The KM parameterization with θ l 2 = π/4 and δ l KM = −π/2 is actually equivalent to that in the PDG parameterization with θ l 23 and δ l PDG to be π/4 and −π/2 (or 3π/2) [13] . It is interesting to note that the CP violating phases in the KM parameterization satisfy δ q KM + δ l KM = 0 within error bars and the central value of δ q KM is π/2. This might be a hint as a possible relation between CP violating phases in quark and lepton mixing matrices and CP is violated maximally in both quark and lepton sectors.
Model realization of δ q + δ l = 0 sum rule We now show that the sum rule of δ q + δ l = 0 can be realized in a multi-Higgs model which can solve the strong CP problem by Peccei-Quinn (PQ) symmetry with spontaneous CP violation. In addition, we can also relate the invisible axion PQ symmetry scale to the see-saw scale for small neutrino mass. In this model, beside the usual SM 3 generations of fermions Q L : (3, 2, 1/6), U R : (3, 1, 2/3), D R : (3, 1, −1/3), L L : (1, 2, −1/2) and E R : (1, 1, −1), we also introduce 3 right handed neutrinos ν R : (1, 1, 0) to facilitate seesaw mechanism for neutrino masses. Here the numbers in the brackets indicate the SM gauge group SU (3) C × SU (2) L × U (1) Y quantum numbers. It has been shown that in order to have spontaneous CP violation with PQ symmetry at least three Higgs doublets transforming
2, 3 and one complex Higgs singlet (1, 1, 0): [14, 15] . We will assume that v s v 1,2,3 so that the axion is invisible and also the seesaw mechanism is in effective. With the Higgs multiplets given, it has been shown that it is possible to have spontaneous CP violation with only one independent phase δ sp = θ 1 − θ 2 in the Higgs potential. We will not go into details here for the Higgs potential analysis.
For our purpose, we assign the following PQ charges to the Higgs fields and the fermion fields, Q L : 0 , U R :
With the above PQ charges for the particles, the Yukawa couplings are given by
and E R , respectively, and writing the fermion mass terms in the form:
The light seesaw neutrino mass matrix is given by
Working in the basis where M u and M ν are already diagonalized, the mass matrices for the down quark and charged lepton can be written as
whereM i are diagonal matrices whose entries are the eigen-masses. Comparing with eq. (1), we obtain
We now discuss how to link the Dirac phases in the CKM and PMNS matrices with the spontaneous CP violating phase δ sp . To achieve this, an additional assumption that V d,e R to be unit matrices is needed. With this assumption, we have
The above allows us to identify: δ q = δ sp , δ l = −δ sp . With the help of this assumption, we therefore have obtained the desired sum rule: δ q + δ l = 0. One may argue that CP is maximally violated in the Higgs potential so that δ sp is
We should comment that although to obtain the desired solutions for the CP violating phases additional assumptions have to be made, the fact that there are solutions which can accommodate experimental data shown in the KM parameterization linking the phases in quark and lepton sectors makes it interesting to study related phenomenological consequences further. a and H 0 i related to the original fields are given by [16]   
New Higgs mediated interactions
where
. a 1,2 and H − 1,2 are the physical degrees of freedom for the Higgs fields. With the same rotation as that for the neutral pseudoscalars, the neutral scalar Higgs fields
Since the invisible axion scale v s is much larger than the electroweak scale, to a very good approximation, N a ≈ vv s .
Note that H 0 i , a i and H − i are not yet the mass eigenstates. To find the mass eigenstates, one needs to further analyze the Higgs potential. They are approximately mass eigenstates if the mixings are small. In this limit H 0 3 = h is the SM-like Higgs boson. The interacting terms of neutral Higgs boson with fermions are
where we have decomposed
The values of V i1 and V i2 can be read off from eq. (2).
In the above, we have not displayed the Yukawa couplings involving ν R which has some components of light neutrinos, but the couplings are small. Furthermore, in the large v s limit, the axion is invisible and also the seesaw mechanism works. The couplings of a and H 0 4 to SM fermions are also small. Note that H 0 1 and a 1 can mediate flavor changing neutral current (FCNC) at tree level [16, 17] . We will use data to constrain the model parameters from FCNC interactions due to exchange of H 0 1 and a 1 . Due to spontaneous CP violation, the Higgs potential will mix H 0 i with a i which also has important implications for CP violation and will be studied.
For definitiveness of numerical analysis, considering v 3 gives mass to top quark, v 1,2 are related to down-type quark masses with the bottom quark having the mass compatible with the larger one, to make Yukawa couplings to be large but not to upset perturbative calculations, we assume that the largest Yukawa couplings are around 1. It
If v 1 = v 2 , the constraints obtained will be different. We will comment on this situation at the end of the numerical analysis.
FCNC constraints
The V q2,l2 obtained from eq. (2) lead to FCNC only between the second and third generations which can cause B s −B s mixing and τ → µµμ. The FCNC interactions can lead to enhanced τ → µγ at loop level which gives the most stringent constraint on the scalar scale using data from lepton sector.
The one loop diagram generating τ → µγ is shown in Fig. 1 (a) . We find that the dominant contribution is from τ propagator due to the enhanced Yukawa couplings. Neglecting small corrections of order O(m 2 µ /m 2 τ ), we have
where α em is the fine structure constant.
Using the upper bound Br(τ → µγ) exp < 4.4 × 10 −8 at 90% confidence level (CL) [7] with the central value for the parameter of s l 2 = 0.8463 in the KM parametrization for the NH case, we obtain the excluded parameter space in the m a1 − m H1 plane shown in the left panel of Fig. 3 in purple from the τ → µγ transition.
For the τ → µµμ, it can take place at tree level as shown in Fig. 1 (b) via the exchange of H 0 1 and a 1 . This process also receives comparable contributions from diagrams attaching the photon line in Fig. 1 (a) to a muon pair.
Currently the experimental upper bound for the branching ratio is Br(τ → µµμ) exp < 2.1 × 10 −8 at 90% CL [7] .
Using this bound we have evaluated possible constraints on the masses of a 1 and H 0 1 shown in Fig. 3 in red color. The enhanced coupling of H 0 1 and a 1 to leptons may also have impact on the anomalous magnetic dipole moment of muon g − 2. We have the one and two loop contributions from Fig. 1 (a) with the initial tauon replaced by the muon and Fig. 3 (a) with the identification that ψ = µ, respectively. We find the 1-loop contribution with an intermediate τ lepton is dominant over the 2-loop contributions by a factor of O(10 3 ). As can be seen from Fig. 2 , with low mass of order 180 GeV, it is possible to produce correction ∆a µ ∼ (28.02 ± 7.37) × 10 −10 [18] to solve the muon g-2 anomaly problem. But this has been ruled out by other constraints.
We find the mass difference ∆M Bs of the B s −B s system provides the most stringent constraint. The SM has a well predicted value for ∆M Bs with ∆M SM Bs = (17.25 ± 0.85) ps −1 [9] which agrees with experimental data ∆ exp Bs = (17.757 ± 0.021) ps −1 [7] well. This means that any new physics contributions are constrained. We will allow the new physics contribution ∆M NP Bs and the SM prediction ∆M SM Bs in the 3σ allowed ranges. Exchanges of H 0 1 and a 1 can contribute to ∆M NP Bs at the tree level as shown in Fig. 1 (c) . In the vacuum saturation approximation (VSA), we obtain H 0 1 and a 1 contributions to the mass splitting ∆M NP Bs for B s −B s mixing as the following In the orange region of Fig. 2 , we display constraints from the above considerations. We find that the B s −B s mixing gives the most stringent constraint as can be seen from Fig. 3 . The H 0 1 and a 1 masses are constrained to be larger than O(1 TeV). This makes discovery of H 0 1 and a 1 at the LHC difficult. But some of the parameter space for the allowed masses for H 0 1 and a 1 may be probed by a 100 TeV collider. If v 1 = v 2 , the constraint will be even stronger. As ∆M NP Bs is proportional to p = vv 12 /(v 1 v 2 ), when v 1 becomes not equal to v 2 with a fixed v 12 , the value p will become larger and result in a stronger constraint on the Higgs masses for H 0 1 and a 1 . Therefore the constraint provided above represents the most conservative one.
